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Abstract

Standard logical foundations in theorem proving constrain the set of
recursive functions that are directly expressible to avoid inconsistencies.
However, this prevents us from expressing all Turing-complete computa-
tions via direct recursive definitions. We consider Grounded Arithmetic, a
reasoning framework that avoids inconsistency from unconstrained recur-
sive definitions by “dynamically type-checking” terms. Using the formal-
ization of GA in Isabelle/HOL, we prove three self-referential statements
to be nonterminating computation: the Liar Paradox, the Truthteller sen-
tence, and Curry’s paradox. To do so, we model each statement in GA
as a function taking a certain number of steps of computation, and meta-
logically derive a contradiction if these terms were to terminate. In turn,
this allows us to show that these statements have no concrete value in
our framework. Using our non-standard inference rules, terms with no
concrete value cannot be used in a proof by contradiction, and thus are
inert when reasoning about other computations. We then discuss the
accessibility of our approach, and how it permits us to avoid common in-
consistencies that would otherwise occur when removing constraints from
direct recursive definitions in other formal systems.

1 Introduction
Modern mathematical proofs, handwritten or otherwise, fall into one of two
schools of thought: classical or intuitionistic. While both have demonstrated
immense usefulness in the formalization of computer systems, they impose strict
constraints on recursive definitions. This is, in part, to ensure that the system
does not admit any nonterminating recursive definition, which can result in
inconsistencies [7, 6, 16]. As a result of these constraints, many functions that we
express with relative ease in programming languages outside a formal theorem-
proving environment are difficult to express in such systems.

We consider the following example: a function bad(x) = bad(x) + 1 de-
fined within some formal system. This is a function that calls itself with no
base case. If it were admissible as a direct recursive definition in a traditional
formal system, it would imply 0 = 1. Via the principle of explosion, any single
inconsistency would render a formal system useless when distinguishing truth
from falsehood. Avoiding self-referential – or better yet paradoxical – definitions
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has been a long-standing issue when reasoning within and about formal systems
[26, 14].

To expand expressiveness while defusing these inconsistencies, we consider
Grounded Deduction (GD), a formal calculus that is based on Kripke’s the-
ory of truth [9]. GD relaxes constraints on recursive definitions in its syntax:
definitions may be partially-terminating or nonterminating. Its solution to self-
referential statements that do not terminate (or more appropriately, ungrounded
statements) is the habeas quid principle: to be able to use some term in a proof,
we must show a priori that it denotes some well-defined value. As we are in-
terested in reasoning about computation in particular, we focus on Grounded
Arithmetic (GA), the embedding of arithmetic within the inference rules of GD.

In this work, we formalize three self-referential statements as non-terminating
computation in GA, namely: the Liar Paradox (“this sentence is false”), the
Truthteller Sentence (“this sentence is true”) and Curry’s Paradox (“if this sen-
tence is true, then pigs fly”). As an immediate consequence, they do not satisfy
the habeas quid principle. Due to GA’s non-classical inference rules, we cannot
use these statements to derive anything. Hence, these sentences are effectively
harmless when reasoning about other computations.

To prove these computations nonterminating, we devise a general approach
for nontermination within the GA framework. Reasoning metalogically, we as-
sume an environment where we can “work backwards” through our computa-
tion. Prior work has established an operational semantics for GA, from which
we derive inversion lemmas, allowing us to reason backwards from more- to
less-evaluated terms. The main insight is as follows: for some term to have a
well-defined value, it would need to reduce within a certain number of “steps” of
computation. If self-referential sentences such as the Liar were to denote some
well-defined value, they must reduce in a certain number of steps. By making
certain reasonable assumptions about our operational semantics (and the cor-
responding inference rules of GA), we can derive a contradiction and show that
paradoxical statements do not denote a well-defined value.

In our formulation, we make extensive use of Isabelle’s locale system, as well
as the Isar language for structured proofs. These locales allow us to reason
about function application, negation, and implication, the key component for
each of the three paradoxes. For the Truthteller sentence, this will be because
any function application has to reduce to its body, and this body should reduce
in fewer steps. In other words, function application takes ‘steps’ to reduce.
Similarly, negation also takes ‘steps’ to reduce. To ensure that the negation of
a sentence ¬s reduces in some step count, the original sentence s should take
strictly fewer steps.

We will see that implication is more involved, as we assume strong Kripke
semantics for the propositional operators. If the sentence a → b denotes some
well-defined value, we can only infer that at least one of a or b is well-defined.
Nevertheless, we can defuse Curry’s paradox using additional case analysis.

In all three cases, we reinforce two key ideas. The first is that we illustrate
how GA exhibits resistance to certain classes of self-referential (ungrounded)
recursive definitions that express nonterminating computations. We do this by
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showing that the said ungrounded sentences have no useful value (i.e., they
denote ⊥ in our semantics).

The second, and more important takeaway, is that GA, as the logical foun-
dation for future proof assistants, can use a more direct (and potentially sim-
pler), program-semantics-based approach to reasoning over a broader class of
programs. Put simply, we aim to investigate GA’s potential as a reasoning
framework that is more in line with intuitive notions of computation i.e., the
“Fregian paradise of ‘type-free’ functions” that Church, Curry and Scott were
after [26].

We also consider GA’s potential with respect to defusing more complex para-
doxes. To begin with, we have Yablo’s paradox, whose nontermination relies on
the semantics of universal quantification, rather than negation or implication.
We discuss our representation of universal quantifiers as computation and how
we may show Yablo’s paradox to be nonterminating. Furthermore, GA can be
used to reflect on computation within itself [2]. With this in mind, we discuss
reflection as a general method to resolve paradoxes such as those of Quine or
Berry.

We begin with a background and motivation (Section 2.1), an overview of
GD and GA (Section 2.2), and then discuss the formalization of our 3 main
paradoxes (Sections 3, 4, and 5). At the beginning of each section, a motivating
example of how unconstrained recursion can result in each paradox is introduced.
We then discuss future work in Section 6, and Section 7 concludes.

2 Background
This section first motivates GA and our study of paradoxes. We then briefly
outline the syntax and properties of GA, as well as its quantifier-free fragment,
Basic GA (BGA).

2.1 Motivation
In the construction of most proofs, computer-checked or otherwise, we tradi-
tionally tend to restrict ourselves to two classes of logics. The first of these
is classical, i.e., logics that assume the law of excluded middle as an axiom.
Isabelle/HOL, among others such as HOL family of provers, or E.1 can be con-
sidered to be part of this class [22, 10, 25] While these provers differ in their
underlying implementation details, their assumption of the excluded middle re-
mains invariant. The main benefit of some of these provers is the ease with
which certain fragments of logic can be automated.

The second class is intuitionistic: provers such as Agda, Rocq and Lean that
do not admit the excluded middle2, and rely on dependent type theories instead
[13, 21, 3]. These logics are appealing due to their use of the proofs-as-programs
correspondence, with inference rules corresponding to typing rules.

1this is by no means an exhaustive list.
2without axiomatization
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While both schools of thought have allowed for notable progress in the for-
malization of systems , modern theorem provers using these logics impose con-
straints on the expressivity of recursive functions[11, 18]. These constraints
come at the cost of Turing-completeness, with respect to the set of recursive
functions that are directly admissible.

When we do not impose these constraints in a formal system, we can ex-
press a greater number of “well-behaved” functions with relative ease, closer to
those seen in day-to-day programming outside a prover. While it is possible
to introduce self-referential definitions that are non-terminating, these serve as
merely curiosities to be debugged in day-to-day programming. Yet, these def-
initions can easily produce inconsistencies in standard formal systems. Prior
attempts at designing formal systems for computational reasoning have encoun-
tered the same issue, especially with Church and Curry’s original formulation
of the untyped λ-calculus [6, 7, 16].

For example, we may want to define mutually recursive functions that call
each other across different modules. In most theorem provers, mutually recur-
sive functions (and dually, mutually inductive datatypes) are tightly coupled.
Usually, formal systems require that these kinds functions be defined in the
same module, primarily due to syntactic constraints ensuring consistency and
termination. We may also consider infinite sequences of computation that are
not meant to terminate, such as streams. While most formulations of streams
rely on the theories of co-induction and co-recursion, the class of functions that
can be defined to operate on co-data are even more restrictive [1, 5].

A well-known approach for handling paradoxical definitions is paracomplete
logics, which do not admit the excluded middle. While intuitionistic logic is
paracomplete, it is not immune to the inconsistencies introduced by uncon-
strained recursive definitions (see Section 5). Unlike intuitionistic logic, how-
ever, many paracomplete logics are 3- or many-valued [8]. However, these logics
are usually too weak for reasoning about computation, and the semantics of mul-
tiple truth values remains somewhat unclear, if not unintuitive. Nevertheless,
the notion of paracompleteness yields a promising impetus to handle nonter-
minating computation. Thus, Grounded Deduction was devised to address the
issues concerning paracompleteness.

Grounded Deduction (GD) is a first-order predicate calculus bearing sim-
ilarity to many of the inference rules of NJ and NK [20], albeit with certain
“weakenings” [9]. Given that any weakening of inference rules is usually a cause
for concern, we justify our decisions below with a motivating example, namely
the inference rule for contradiction.

The key modification that GD attaches, as introduced in Section 1 is the
habeas quid principle:

We must have a “thing” before we use it.

The “thing” in question informally corresponds to a “dynamic type-check”
for an inference rule. Consider the example of proof by contradiction in GD:
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a B
[a]

c

[a]

¬c
¬a

Similar to classical logic, if a hypothetically proves some arbitrary statement
c, but a also proves ¬c, we have a contradiction, and therefore a must be false.
The main difference is the habeas quid precondition: a must be shown to denote
some boolean value before invoking this rule.

This rule states that “we must show a to be boolean” before we can use it.
For most contradiction proofs, however, we do have a concrete ‘boolean’ term
from which we can derive a contradiction. Similarly, GD adds habeas quid rules
for implication, and universal quantification, which will be discussed in Sections
5 and 6.1 respectively.

As an example, habeas quid can be used to defuse the inconsistencies that
Liar sentence would create in a classical environment, were it directly admissible.
Define the Liar as L ≡ ¬L. If we were to use L to derive a contradiction, we
would need to show that is a “thing” that denotes a well-typed boolean (L B).
In the case of the Liar L, to show that L is boolean, we would have to show
that its definition ¬L is boolean, but the only way to show ¬L is boolean is to
show L is boolean, resulting in a circular proof obligation.

Since our main goal is to reason about computation, we motivate our inves-
tigation by restricting our domains of discourse to the natural numbers. Hence,
we define grounded arithmetic (GA), a system that allows us to reason about
computation over natural numbers. Given that natural numbers are, to some
extent, an arbitrary choice for models of computation, we can consider GA-as-
a-logic, looking to Peano and Heyting arithmetic as inspiration [12]. From a
computational perspective, we observe that GA’s expressivity is on par with
LCF, PCF and PPλ [19, 24, 23].

Having now introduced GA as a system of computation and reasoning, we
return to our discussion of the Liar. It may be more useful (and relevant) to
think of the Liar sentence in terms of nontermination. As with the example
in Section 1, consider L not as a statement, but as a function. Supposing L
does terminate, then so does ¬L, ¬¬L, ... and so on.3 It can be argued in
an intuitive fashion that this is not the case, since we are unfolding a recursive
definition infinitely with no “base case” (we will see this proof structure and its
formalization in more detail starting in Section 3).

GA and GD would not be particularly useful if it could only show terms to
be nonterminating. We consider the following simple example of a function that
checks if a natural number is even:

even(a) ≡ a 0? T : P(a) 0? F : even(P(P(a)))

Theorem 2.1. Given that a N, even(a) denotes a well-typed boolean value.

Proof. By induction on n.
3We may also observe that this is a recursive definition whose least fix-point is ⊥
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It is possible to make such a statement in GA, since it contains a first-order
induction schema, with habeas quid ensuring that any n for which we say n is
even must be shown a priori to be a natural number. We can consider this a
“trivial typecheck”, although the full scope of the overhead this incurs is yet
to be investigated. Nevertheless, work by Kehrli on GD as a usable formal
system has shown that such habeas quid conditions can be easily discharged
[15]. However, given our focus on nontermination, we will not pursue this detail
in this paper.

2.2 The Syntax and Properties of GA
GA is the more “general” system we plan to work with in the long run. There is
ongoing work formalizing different fragments of GA. For the sake of simplicity,
we focus on the quantifier-free fragment of GA, Basic GA (BGA). This is because
the current formalization of BGA’s metatheory is the most well-developed so
far.

In the syntax of GA. we distinguish terms (denoted by the metavariable t)
and formulae (denoted by the metavariable f):

t ≡ vi | 0 | S(t) | P(t) | t 0? t : t | d(t, t)
f ≡ t = t | t 6= t

The terms represent arbitrary variables, zero, successor, predecessor, if-zero-
else and two argument function application, while the two formulas check for
(dis)equality across terms. Our current formulation of BGA’s semantics takes
an operational approach to reduce terms. Nevertheless, GA was heavily inspired
by Scott-style denotational semantics.

In the formulation of BGA, the set of functions that we can define are two-
argument µ-recursive functions. Contrast this to GA, which allows for arbitrary
n-ary function definitions.4 This includes functions of arity 0 - the most direct
formulation of our paradoxes. In either case, function definitions in (B)GA
permit direct unconstrained recursion in their syntax.

We now discuss the main metalogical properties of BGA. To begin with,
prior work has shown that BGA is truth-preserving, i.e., all inference rules
preserve truth) and semantically complete (any well formed formula that is true
is provable in BGA) [2]. BGA is not syntactically complete, as this is the key
feature of paracompleteness: there are formulae ϕ such that neither ϕ nor ¬ϕ
are provable. This corresponds to the existence of computations that never
terminate, e.g., paradoxes.

The key difference between BGA and other similar systems is in its ease of
expressivity. We can define Turing-complete computations directly using recur-
sive definitions, while avoiding issues that stem from nonterminating functions.
In that sense, BGA is similar in expressivity to PCF or PPλ, mainly differing

4This design decision primarily stems from not wanting to deal with arbitrary arities for
the sake of simplicity. This is because any n-ary function can be encoded and decoded using
a 2-ary function, via Cantor pairs.

6



in its lack of types and higher-order functions [23, 19]. One key difference in
our formulation, however, is that we assume the existence of an arbitrary list of
recursive function definitions, forming an “environment” of fixed length.5 This
definition list can be seen as a “standard library” of functions to be specified by
a user when “instantiating” BGA.

Having discussed the main metalogical properties of BGA, we next show how
we can formalize nonterminating statements as violations of habeas quid, starting
with the Truthteller Sentence. We delay our discussion of its more famous
relative, the Liar Paradox, to introduce some tooling that will be necessary for
both statements.

3 The Truthteller Sentence
We motivate our formalization with a simple example, the Truthteller sentence,
i.e., “this sentence is true” [17]. While this sentence seems non-paradoxical, it is
definitely ungrounded, in Kripke’s terminology. We will discuss ungroundedness
soon that corresponds strongly with the notion of non-termination.

We consider the following example: given a theorem prover with uncon-
strained recursion, one could define the following function:
looper(x, y) := looper(x, y).6 This is the same as an unchanging process
that never terminates. If such a nonterminating statement were directly admis-
sible via recursive definitions, it may be considered an underspecified function.
For some standard theorem provers, however, nonterminating functions can be
used to derive a contradiction [4, 5].

The Truthteller has no value that we can denote to it: as Kripke describes it,
the sentence is a “process” that does not terminate, and is therefore considered
ungrounded. This means it cannot yield any value, let one one of truth or
falsehood. This notion is embedded into GA as computation. Any function
that terminates with a boolean value can have its output be denoted with a
corresponding value for truth or falsehood, while nonterminating functions are
⊥, or ungrounded.

Due to BGA’s technical constraint of supporting only 2-argument functions,
a more precise formulation of the Truthteller would be Tt(v0, v1) ≡ Tt(v0, 0). We
include two input arguments as all BGA functions are 2-ary. The arguments
themselves are not of particular relevance for this paradox, since any function
call to Tt resolves to a never-ending chain of function calls to Tt that never use
the inputs passed in. When formulated in GA (and not just BGA), we can
define the paradox more cleanly, as a 0-argument function.

To analyze the paradox formally (and prove it nonterminating), we require
some tooling to begin with. Given an environment expressive enough to handle
GA assumptions, we define the predicate evi: evi A t s means that an ar-
bitrary GA term t reduces to some value under assignment A within a certain

5The full details of definition lists are discussed in [2, Section 4.3].
6The arguments are mainly for consistency with other examples in BGA and have no

significant bearing on the meaning of the sentence.
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number of computation steps s. Note that evi is type-agnostic.
Returning to the denotational semantics of GA,7 we have that the denotation

t is not equivalent to ⊥τ in the corresponding Scott domain D(τ). In BGA, evi
represents the most general form of habeas quid: we simply “have something”,
with no regard to its type.

Since evi is step-dependent, it consists of two main conditions: no term
reduces in 0 steps, and a term that has reduced in n steps stays reduced for any
greater number of steps (i.e., evi is monotone).

locale model_evi =
fixes evi :: “asn ⇒ trm ⇒ nat ⇒ bool”
assumes evi_0: “¬evi A t 0”

and evi_mono: “evi A t i =⇒ i ≤ j =⇒ evi A t j”

Since the Truthteller sentence is a function that takes in two arguments, we
also need to describe the semantics of function application. We can base this on
the operational semantics of BGA, as described in prior work [2]. We consider
some function di(a0, a1) ≡ D〈n0, n1〉, where di is the function name and D is
its body (with arguments appropriately substituted). We have the following
forward-evaluation rule in BGA’s semantics, which allows us to reason from the
evaluation of the function’s arguments and body to the ultimate evaluation of
the function call:

D〈n0, n1〉 ⇓ m a0 ⇓ n0 a1 ⇓ n1

di(a0, a1) ⇓ m

However, to use evi to prove functions non-terminating, we need to reason
“backwards” through our computation. So, we need to formulate an inversion
lemma. Assuming that the function call di(a0, a1) reduces to a value for some
assignment A, and the definition of di, it must be the case that the function
body D reduces to a value for the specific assignment [a0 7→ n0, a1 7→ n1] in
strictly fewer steps. One may ask why the value itself is considered irrelevant
as far as evi is concerned. Since our primary interest is nontermination, it is
usually enough to derive a contradiction from the hypothetical premise of our
term having some value; we do not need to know what this value is. We then
obtain this locale, encoding our assumptions:

locale model_evi_app2 = model_nat + trm_dfns +
trm_app2 + trm_nat_cons + model_boolin +
assumes evi_app2 :
“dfn_is df 2 t =⇒

evi A (df[nx, ny]) s =⇒ ∃ s’ < s. (evi (asn2 (natv x) (natv y)) t s’) ”

7A detailed discussion of this is beyond the scope of this paper, and may be found in [9,
Section 8].
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In this locale, nx, ny are natural number terms in GA, with (natv x),
(natv y) denoting the GA numbers’ respective values as natural numbers in
HOL. df is a 2-argument function, with dfn_is defining df to have body t. In
general, for each evi locale, we have an assumption that shows that any term
that evaluates in s steps must have one or more subterms that evaluate in s’ <
s steps.

These two facts are sufficient to demonstrate the nontermination of the
Truthteller in GA. We write out a proof sketch for its nontermination as follows:

Lemma 3.1. Tt is nonterminating in GA, i.e., ¬ evi A Tt(v0, v1) s

Proof. We prove this by (strong) induction on the step count. The base case is
trivial as nothing terminates in 0 steps.

For our inductive case, assume that some arbitrary x ∈ N, A an assignment,
and v0, v1 N such that ∀y < x, ¬ evi A Tt(v0, v1) y. We want to show ¬
evi A Tt(v0, v1) x , that is, Tt(v0, v1) does not evaluate to anything in x steps.
Assume, for the sake of contradiction, that it does evaluate in x steps. Then,
by inversion, consider the x′ < x such that evi [v0 7→ v, v1 7→ 0] Tt(v0, v1) x'
for some v. This contradicts our induction hypothesis, and therefore Tt cannot
reduce to any value.

Theorem 3.2. Tt has no boolean value, i.e., it is ungrounded in GA.

Proof. By Lemma 3.1, we have that Tt denotes no value. It follows trivially
that Tt cannot denote any boolean value either.

We observe that the proof of the Truthteller is quite simple, “reversing” com-
putation to construct a term we know to not terminate in strictly fewer steps.
In doing this, GA defuses programs such as looper := looper. This brings
us back to the two key ideas referenced in Section 1. We have shown how we
can prove ungrounded self-referential statements in BGA to be nonterminating
computation. Given the proof of BGA’s consistency, we can demonstrate how
ungrounded statements cannot be proven true or false in BGA [2]. It follows
that ungrounded sentences are harmless, rather than leading to contradictions
as they would in classical logic. The second idea is that our nontermination
proof can be shown using only a few rules from our operational semantics. The
Isabelle/HOL formalization can be found in the Appendix 7.

Having proven that the Truthteller is nonterminating (and hence ungrounded),
we now shift our focus to the Liar Paradox.

4 The Liar Paradox
Consider the following sentence: “This sentence is false”. By naive classical rea-
soning, the Liar is false if and only if it is true. When viewed as computation, we
can think of the Liar paradox as a function that constantly alternates between
true and false for each step of computation. Returning to our example from
Section 3, we can consider a similar statement for the Liar:
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bad(x,y) = 1 - bad(x,y). If admitted, 0 = 1 can be proven from this func-
tion. Using the principle of explosion in a classical setting, this function would
allow us to prove anything.

The proof of the Liar’s ungroundedness is similar to that of the Truthteller,
so we will not repeat our proof approach for the sake of brevity.

Nevertheless, our current formulation is insufficient to represent the Liar.
Notice that the Liar would be the following sentence L ≡ ¬L – or as a function,
L(v0, v1) ≡ ¬L(v0, v1) – yet we have not defined any assumptions to reason
about the nontermination of statements containing negation.

We can consider two approaches to handling negation: one by considering
the operational semantics of GA, and the other by considering its typing rules,
both of which converge to the same idea.

For negation, we have the following inference rule:

a B
(¬a) B

That is, if a is boolean, so is ¬a. Similarly, if we know that (¬a) reduces to
a well-defined value, then a must have reduced in strictly fewer steps. This is
shown in the following locale:

locale model_evi_neg = model_boolin + model_neg +
assumes evi_neg :

“evi A (¬t) s =⇒ ∃ s’ < s. evi A t s’ ”

Theorem 4.1. L ≡ ¬L has no boolean value, it is ungrounded in GA.

The proof is similar, except we have to find two smaller step counts: one for
function application and one for negation.

Returning to our big picture, since we have that the liar sentence L is nonter-
minating, it has no value. Thus, it cannot be used in a proof by contradiction.
We have shown how GA can defuse this paradox with ease using its operational
semantics. The Liar can alternatively be considered a function of the form
f(x, y) = 1− f(x, y). This suggests that functions with oscillatory behavior to
the Liar can be approached similarly and shown to be ungrounded. Hence, they
cannot be used to prove the truth or falsehood of any arbitrary term.

5 Curry’s Paradox
Curry’s paradox informally states the following: “If this sentence is true, then
pigs fly”. We can define it as follows: C ≡ C → P , for an arbitrary P [27, 8].
Importantly, the structure of P is irrelevant to the formulation of the paradox.

For a more concrete example, we divert our focus from unconstrained recur-
sive functions, to unconstrained inductive types.
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In a traditional proof environment, Curry’s paradox shows up if we allow
unconstrained recursive definitions in type constructors, such as a naive for-
mulation of the untyped λ-calculus. A simple example would be an inductive
constructor that violates Isabelle’s positivity conditions on recursive occurrences
of function types:

datatype bad = e | badcons “bad =⇒nat”

If such a type constructor could be defined and admitted, we could construct
nonterminating functions similar to the Ω-combinator [5].

Considering the semantics of BGA, Implication is defined in terms of dis-
junction, so a → b ≡ ¬a∨b [2]. Having already discussed negation, we primarily
focus on disjunction, since the evi predicate between a → b and a∨b are similar.

We have the following four typing rules for GA:

a B
(a ∨ b) B

b B
(a ∨ b) B

a B
(a → b) B

b B
(a → b) B

The inversion rule says that if we have a ∨ b B, then at least one of a or b
has a boolean value, so it is necessary to consider both cases.

locale model_evi_imp = model_boolin + trm_imp +
assumes evi_imp :

“evi A (a −→ b) s =⇒ ∃ s’ < s. (evi A a s’) ∨ (evi A b s’) ”

locale model_evi_or = model_boolin + trm_or +
assumes evi_or :

“evi A (a ∨ b) s =⇒ ∃ s’ < s. (evi A a s’) ∨ (evi A b s’) ”

Much like Kleene’s strong 3-valued logic, where we consider “unknown” rather
than “ungrounded”, if t ≡ a ∨ b is known to be true or false, then we only know that
at least one of a or b is boolean. If the disjunct t is true, we only know that at least
one of a or b is true. Otherwise, when t is false, both a and b must be false. The rules
for the conditional are derived in a similar fashion, since we do not use Łukasiewicz’s
non-standard implication operator [27].

The proof for Curry’s paradox also follows quite similarly, with one minor differ-
ence: we must perform case analysis to consider whether it is the antecedent or the
consequent that is “well-typed”. Since this is notably different from our previous two
paradoxes, we discuss the proof in more detail. As with the Truthteller, we represent
the paradox C(v0, v1) = C(v0, 0) → P for all P .

Lemma 5.1. C does not evaluate to any value: ¬ evi A C(v0, v1) s

Proof. By (strong) induction on the step count. The base case is trivial as nothing
terminates in 0 steps.
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For our inductive case, assume that some arbitrary x ∈ N, A an assignment and
v0, v1 N, ∀y < x, ¬ evi A C(v0, v1) y. We want to show ¬ evi A C(v0, v1) x, that
is, C(v0, v1) does not evaluate in x steps.

Suppose, for the sake of contradiction that C(v0, v1) evaluates in x steps. Then,
by inversion, consider the x′ < x such that evi [v0 7→ v, v1 7→ 0] (C(v0, v1) → P) x'
for some v.

There are two cases: at some step count x′′ < x′, we have evi [v0 7→ v, v1 7→ 0]
C(v0, v1) x'', which is false by the induction hypothesis, or evi [v0 7→ v, v1 7→ 0]
P x''. Since P can be any arbitrary statement, we have that any statement must
evaluate to some value. Given that there are statements that do not evaluate to any
value, we have a contradiction.

In either case, C does not reduce to any value.

Theorem 5.2. C has no boolean value.

Proof. By Lemma 5.1, we have that C denotes no value. It follows trivially that C
cannot denote any boolean value either.

Returning to our constructor example at the start of this section, we reinforce our
two key ideas. Given our demonstration of the ungroundedness of Curry’s paradox,
we expect to find that non-positive “ill-defined” types (and functions that we can
admit from said types) can also be defused in GA with ease, using the same technique
demonstrated in this section.

Notwithstanding the minor challenge from our inversion lemmas, we find the mit-
igation of Curry’s paradox to have a similar and simple structure. Relying directly on
the operational semantics of GA, we can demonstrate the Curry sentence’s unground-
edness.

Having discussed our formalization of these paradoxes, we now discuss future work.

6 Other Paradoxes
This section first discusses Yablo’s paradox, whose nontermination proof requires rea-
soning about the semantics of universal quantification. We then consider paradoxes
involving reflective computation, where GA reasons about itself. Furthermore, we
consider how these reflective paradoxes may be formalized.

6.1 Yablo’s Paradox
Yablo’s paradox is the following infinite set of sentences [28]:

(Y 0) For all k > 0, Yk is not true
(Y 1) For all k > 1, Yk is not true

...

We note a minor difference in formulation, albeit with no impact on our un-groundedness
analysis: Yablo originally defined k to begin from 1 instead of 0.

We can write the definition for an arbitrary Yi as follows:

Y (i) = ∀k N, k > i → ¬Y (k)
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Since Yablo’s Paradox uses universal quantification, we assume a fragment of GA
that contains quantifiers as part of its syntax. We will need to formulate an inversion
lemma for universal quantification. For GA, to show that some universally quantified
formula holds, we must either be able to prove it true by an induction principle, or
find a counterexample demonstrating that the predicate does not hold for all natural
numbers, as seen from the two inference rules for universal quantification.

p〈0, ...〉

[x N, p〈x, ...〉]

p〈S(x), ...〉

∀x Np〈x, ...〉

a N ¬p〈a, ...〉

¬∀x Np〈x, ...〉

Our first observation is that if ∀x Np〈x, ...〉 denotes some boolean value, we must
have metalogically that for some x, p〈x, ...〉 reduces to a boolean value in strictly fewer
steps.

With respect to BGA, we define universal quantification in terms of a “reflective
proof-search” (see also section 6.2). This proof search tries to check whether or not
the base and inductive cases can be shown to be true. This is done by finding a
natural number corresponding to the Gödel code of a GA proof. Should the universally
quantified statement be false, a counterexample must have been generated, if one can
be found.

In the context of Yablo’s paradox, we will use our inversion lemmas to show that
neither the proof search can terminate, nor can finding a counterexample. The case
for the counterexample is straightforward: since we must show that the inner term
of Yablo’s paradox is false, the implication must be false for some term a. From
our implication rules, it follows that the antecedent k > i and consequent ¬Y (k)
must reduce in fewer steps, a clear contradiction. The positive case, however, is more
challenging: a naïve rule that does not take proof search into account will not suffice.
If Y (k) were to reduce, then the search procedure must reduce in strictly fewer steps.
Since the Yablo proof term is quantified over natural numbers, we can assume that this
proof was constructed by induction. It follows that for some proof-checking function
C(Pr,Co),8 C must reduce in strictly fewer steps for both the base and inductive
cases. We aim to use and investigate these observations to prove Yablo’s paradox Y (i)
as nonterminating computation for any i.

6.2 Paradoxes of reflection
Quine’s paradox is the statement:

“Yields falsehood when preceded by its own quotation”
yields falsehood when preceded by its own quotation.

Paradoxes such as those of Quine, Berry, and Grelling [8] require one additional com-
ponent of BGA tooling: reflection. BGA already has a coding typeclass, which allows
us to construct an arithmetization for arbitrary HOL types, provided we prove this en-
coding injective [2]. We will then use this coding to produce an “embedding” of BGA
within itself, allowing us to (metalogically) discuss BGA’s ability to prove statements
about itself.

8With the two arguments of C representing premises and a conclusion, respectively.
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With this tooling, we have also constructed a locale that allows us to model the
proof search of BGA sequents within BGA. Proof search is modeled using a primitive-
recursive step function: it terminates with a value whenever a term can be proven
or refuted in BGA given s steps of fuel, and does not terminate otherwise. It should
suffice to show that no amount of “fuel” provided to such a step function will result
in the proof search terminating, and thus each of these paradoxes are ungrounded.

7 Conclusion
In this paper, we devise and explain formulations of locales within Isabelle/HOL to
represent assumptions over the operational semantics of GA. More specifically, we
model the semantics of function application, negation and implication in terms of step
counts. Using this, we can show that ungrounded, but unconstrained direct recursive
definitions can be “defused” with relative ease.

We have multiple directions for future work. We would like to continue in our
paradox formalization and assess the extent to which rule inversion lemmas can facili-
tate our reasoning. Additionally, we would like to see if we can automate these classes
of inversions.

Prior work has shown that GA and GD may be powerful enough to be used for
reasoning about traditional computation [15]. We aim to continue assessing GD’s
ease-of-use as a logical framework, while also testing its resistance to paradoxes met-
alogically.

This current work acts as a “springboard”, suggesting that with some automation
of nontermination proofs, we can easily defuse certain inconsistencies within GA and
BGA, while continuing to possess the tooling for unconstrained recursion.

We are also interested in investigating systems with non-local, mutual recursion
and nested recursions that may otherwise be challenging to express via direct recur-
sion. Finally, we hypothesize that reasoning about and writing proofs over codata
and coinductive types using the habeas quid principle may be easier, e.g., formalizing
streams without the need for friend functions as discussed in Blanchette et al’s work
[1].
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Appendices
A Appendix A: Formalization of the Truthteller

Sentence
locale truthteller_ga =

model_evi_app2 + model_evi_eq +
fixes tt :: dfn
assumes tt_def : “dfn_is tt 2 (tt[nx, 0])”

begin

lemma ttp : “¬ evi A (tt[nx, 0]) s”
proof (induction s arbitrary: A x rule: less_induct)

fix s’ A x
show “(

∧
y A x. y < s’ =⇒ ¬ evi A (tt[nx, 0]) y) =⇒

¬ evi A (tt[nx, 0]) s’ ”
proof (cases s’)
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case 0
then show ?thesis using evi_0 by auto

next
case sdef:(Suc nat)
assume ih:“(

∧
y A x. y < s’ ”

show “¬ evi A (tt[nx, 0]) s’ ”
proof

assume “evi A (tt[nx, 0]) s’ ”
then obtain s’ ”

by (metis Ex_less_Suc trm_num_0 sdef evi_app2_suc tt_def)
then show “False” using ih by auto

qed
qed

qed

The Truthteller paradox cannot be represented with a boolean value.
theorem tt_paradox: “¬ tbool A (tt[nx, 0])”
using ttp tbool_ex by blast
end

B Appendix B: Formalization of the Liar Para-
dox

locale liar_ga =
model_evi_neg + model_evi_app2 +
fixes liar :: dfn
assumes liar_def : “ dfn_is liar 2 (¬(liar[nx, 0]))”

begin

The liar paradox does not evaluate to any well-defined value
theorem liar_paradox_simple : “¬ (evi A (liar[nx, 0]) s)”
proof (induction s arbitrary: A x rule: less_induct)

fix x A xa
show “(

∧
y A xa. y < x =⇒ ¬ evi A (liar[nxa, 0]) y) =⇒

¬ evi A (liar[nxa, 0]) x”
proof (cases x)

case 0
then show ?thesis using evi_0 by auto

next
case xdef: (Suc nat)
define A’ ”
assume ih: “(

∧
y A x’ ”

show “¬ evi A (liar[nxa, 0]) x”
proof

assume d0:“evi A (liar[nxa, 0]) x”
then obtain x’ ” using

liar_def evi_app2_suc trm_num_0 adef xdef by metis
then obtain x’ ” using liar_def evi_neg_suc trm_num_0 adef
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xdef not0_implies_Suc evi_0 by metis
show “False” using ih d1 d2 d0 by auto

qed
qed

qed

theorem liar_paradox: “¬ tbool A (liar[nx ,0])”
using liar_paradox_simple tbool_ex by blast
end

C Appendix C: Formalization of Curry’s Para-
dox

locale curry_ga = model_evi_imp + model_evi_app2 + model_evi_eq +
fixes curry :: dfn
assumes curry_def : “dfn_is curry 2 ((curry[nx, 0]) −→ pigs)”

begin

Curry’s paradox does not evaluate to any value in GA. As with the Liar and
the Truthteller, this is proven by induction over the step count.

lemma curry_evi : “¬ evi A (curry[nx, 0]) s”

proof (induction s arbitrary: A x rule: less_induct)
fix s A x
show “(

∧
y A xa. y < s =⇒ ¬ evi A (curry[nxa, 0]) y) =⇒

¬ evi A (curry[nx, 0]) s”
proof (cases s)

case 0
then show ?thesis using evi_0 by auto

next
case sdef:(Suc nat)
assume ih:“(

∧
y A x. y < s =⇒ ¬ evi A (curry[nx, 0]) y)”

show “¬ evi A (curry[nx, 0]) s”
proof

assume contra: “evi A (curry[nx, 0]) s”
then obtain s’ ”

using curry_def evi_app2_suc trm_num_0 sdef by metis
then obtain s’ ” using evi_0 not0_implies_Suc by metis
then consider

(l) “evi (asn2 (natv x) (natv 0)) (curry[nx, 0]) s’ ”
| (r) “

∧
pigs. evi (asn2 (natv x) (natv 0)) (pigs) s’ ”

using curryp evi_imp_suc by metis
then show “False”
proof (cases)

case l
then show “False” using ih curryp contra sd by fastforce

next
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case r
then show “False” using curryp ih less_SucI sd by blast

qed
qed

qed
qed

Curry’s paradox has no boolean value
theorem curry_paradox: “¬ tbool A (curry [nx,0])”
using tbool_ex curry_evi by force
end
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